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Abstract 
We have investigated the behavior of a small number of charged fine particles under Coulomb interactions in an AC trap. There is 
a transition from ballistic to diffusive motion in the mean square displacement of the angle, ș, for a single charged fine particle 
described by a nonlinear dissipative Mathieu equation. Stable forced oscillations with an angular frequency ȍ exist for the 
displacement vector of two charged fine particles described by a coupled Mathieu-Coulomb equation. Displacement vector motion 
becomes chaotic, depending on the control parameters in a coupled Mathieu-Coulomb equation. Stable solutions with a triangular 
configuration, and which oscillate with an angular frequency ȍ, exist for three particles. An irregular replacement of particles in the 
triangle configuration occurs, depending on the control parameters in a coupled Mathieu-Coulomb equation. 
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1. Introduction 
There is a wide variety of many-body systems governed by long-range interactions, such as galaxies, colloids, and 
clouds of charged fine particles in an atmosphere. Most plasmas in nature and in the laboratory are weakly coupled, 
with a Coulomb coupling parameter ī << 1. However, the collective properties of dust particles are an interesting 
subject in basic plasma physics, because dust particles are usually strongly coupled with ī > 1, since they are highly 
charged. 
We have investigated the behavior of charged fine particles confined for a long period in an AC dipole electric field 
(AC trap) at atmospheric pressure [1, 2]. In our experiment, charged fine particles exhibited stable motion against air 
resistance for several weeks or more. The ordered structure and chaotic motion of a small number of particles in an AC 
trap has also been observed [3, 4, and 5]. For a large number of particles, we can observe that particles pulsate toward 
a central ring with a cycle several hundred-fold of the cycle of the AC electric field. We are interested in the transition 
phenomenon in such a system from order to chaos.  
With an ultimate goal of undertaking experimental and theoretical research on the behavior of charged fine particles 
experiencing strong Coulomb many-body interactions in an AC trap, in this paper, we have clarified the behavior of a 
small number of particles in the trap.  
This paper is organized as follows. In Section 2, we explain our experimental setup. In Section 3, we consider the 
theoretical model and numerical results for a small number of charged fine particles in an AC trap. The final section is 
devoted to a short summary of our results.  
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2. Experimental Setup 
Our experimental device applies an AC voltage (60–200 Hz and of several kilovolts) to a ring electrode (15 mm in 
diameter) placed between an upper glass plate electrode coated with a conductive film (indium tin oxide) and a lower 
metal electrode. Fine particles (Au-coated divinylbenzene spheres and micropearls, 30–50 ȝm in diameter) are 
charged by applying a high voltage to the electrode; the particles are then confined in a simple AC trap consisting of 
the ring and parallel plate electrodes at atmospheric pressure [1].  
By using this system, we have investigated the behavior of charged ¿ne particles when con¿ned over a long period 
in an AC dipole electric ¿eld (AC trap) at atmospheric pressure.  
3. Theoretical Model and Numerical Results 
In this section, we consider the theoretical model and numerical results for a small number of charged fine particles 
in an AC trap. The analysis progresses from consideration of one particle, to two particles, and, finally, to three 
particles. 
3.1.  Single charged fine particle 
In this section, we consider an idealized electric field model of one charged fine particle in an AC trap. The electric 
field potential U(r, ș, z, t) (where r, ș, and z, are cylindrical coordinates, and t is time) near the center of the ring can 
be expressed using the following approximation: 
 
U(r, z, t) = eV(t)(r2 - 2z2)/(2r02),  (1) 
V(t) = Vdc + Vaccosȍt.  (2) 
Here e is the charge of the fine particles, 2r0 is the distance between the electrodes, Vdc is the amplitude of the direct 
current voltage, and Vac is the amplitude of the alternating current voltage with an angular frequency ȍ.  
The equations of motion of a charged fine particle in the electric field potential (1) take the form 
 
d2r/dĲ2 = - (ar + 2qrcos2Ĳ)r + r(dș/dĲ)2,   
d2ș/dĲ2 = - (2/r)( dr/dĲ)(dș/dĲ),   
d2z/dĲ2 = - (az + 2qzcos2Ĳ)z,  (3) 
where we use the following nondimensional parameters: 
 
az =  - 2ar =  - 8eVdc/(mr02ȍ2), qz =  - 2qr =  - 4eVac/(mr02ȍ2), Ĳ = ȍt/2. (4) 
An energy dissipative term should be included in eq. (3), since there is air resistance in our experiment. The 
addition of a small damping term in the Mathieu equation increases the range of values of az and qz for which there is 
stability [6]. The only stable solutions to the Mathieu equation with an energy dissipative term are fixed points. 
However, in addition to periodic motion, irregular motion is observed in our experiment. In the experimental device, 
the linearity in r of the potential shown in eq. (1) is broken at large radii, and a weak distortion may be present in the 
direction of ș. We, therefore, propose an extended potential with a smooth nonlinear perturbation in the radial 
direction and weak periodicity in ș. This extended potential takes the form 
 
U(r, ș, z, t) = eV(t)(r2 - 2z 2 + İ1r4)/(2r02)(1 + 2İ2sinnș), (5) 
where İ1 and İ2 are small values, and n is an integer. We can obtain similar results for other small nonlinear terms. 
With this potential, the equations of motion are 
 
d2r/dĲ2 = - (ar + 2qrcos2Ĳ)fr + r(dș/dĲ)2 - Ȗ’dr/dĲ, fr = (r + 2İ1r3)(1 + 2İ2sin nș),  
d2ș/dĲ2 = - (aș + 2qșcos2Ĳ)fș - 2(dr/dĲ)(dș/dĲ) /r - Ȗ’dș/dĲ, fș = (r - 2z2/r2 + İ1r2)İ2ncos nș,   
d2z/dĲ2 = - (az + 2qzcos2Ĳ)fz  - Ȗ’dz/dĲ, fz = (1 + 2İ2 sin nș)z. (6) 
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Here, in addition to the definitions in eq. (4), we use the nondimensional parameters 
 
aș= ar, qș=qr, Ȗ’=2Ȗ/ȍ,  (7) 
where, Ȗ is the coefficient of friction. 
We consider a trajectory in phase space specified by the vector X(Ĳ) = {r(Ĳ), ș(Ĳ), z(Ĳ), vr(Ĳ) = dr/dĲ, vș(Ĳ) = dș/dĲ, 
vz(Ĳ) = dz/dĲ}. Figure 1 shows the phase diagram for the nonlinear dissipative Mathieu equation (6), which shows that 
chaos occurs at certain values of qz and az. 
The potential U(r, ș, z, t) generates a rotational diffusion of chaotic orbits, and a transition from ballistic to 
diffusive motion is observed in the mean square displacement (MSD) of ș. The distribution function f(Ĳ) of the lifetime 
of angular unidirectional motion is exponential. This exponential distribution is produced by chaotic switching 
between clockwise and counterclockwise rotations of orbits on the xy-plane. Chaos-induced diffusion has also been 
investigated using simple one-dimensional maps that are periodic along the bisector [7-11]. A one-particle system 
subjected to a sinusoidal potential with a periodic external field also showed an increase in the diffusion coefficient 
[12]. The transition from ballistic to diffusive motion can also be analyzed within the framework of probabilistic 
continuous-time random-walk models [13-16]. 
Fig. 1 az–qz phase diagram indicating different steady state regions for the nonlinear dissipative Mathieu equation with İ1 = 0.001, İ2 = 0.001, n = 40, 
and Ȗ’ = 0.3. In the domain without symbols, orbits escape to infinity. The stable region of the fixed point (0, 0) can be determined by linear stability 
analysis in a neighborhood of the point. A stable periodic orbit shows unidirectional rotation. In the region of stable periodic orbits, attractors with 
clockwise and counterclockwise rotations coexist depending on the initial state. Although there may be chaotic orbits that rotate unidirectionally, the 
region of an attractor is very narrow along the border of periodic orbits and chaos [1].  
 
3.2. Two charged fine particles 
In this section, we consider an idealized electric field model of two charged fine particles in an AC trap [4, 17]. We 
can obtain the following equations of motion for two charged fine particles: 
 
d2x’i/dĲ2 = x’ij/(2r’3ij) - (ax + 2qxcos2Ĳ)x’i  - Ȗ’d x’i /dĲ,   
d2y’i/dĲ2 = y’ij/(2r’3ij) - (ay + 2qycos2Ĳ)y’i  - Ȗ’d y’i /dĲ,   
d2z’i/dĲ2 = z’ij/(2r’3ij) - (az + 2qzcos2Ĳ)z’i  - Ȗ’d z’i /dĲ,   for i = 1, 2. (6) 
Here, we use the following dimensionless parameters: 
Į=(ʌİ0mȍ2)r0/(2e2)1/3, xi’ = Įxi, x’ij = Įxij, yi’ = Įyi, y’ij = Įyij, zi’ = Įzi, z’ij = Įzij, r’ij = Įrij.  (7) 
From here onward, we omit the prime sign for convenience. Adding and subtracting of each pair (i = 1, 2) in eq. (6) 
decouples them into two one-body problems. The equations of motion of two charged fine particles represent the 
center of mass motion and displacement vector motion. The center of mass motion is described by the following 
dissipative Mathieu equation: 
d2Rn/dĲ2 = - (an + 2qncos2Ĳ)Rn - Ȗd Rn/dĲ, for n = x, y, z. (8) 
237 Ryuji Ishizaki et al. /  Procedia IUTAM  5 ( 2012 )  234 – 239 
The only stable solutions to the dissipative Mathieu equation of the center of mass of two charged fine particles are 
fixed points. Displacement vector motion is described by the following coupled Mathieu-Coulomb equation. 
d2r(12) n /dĲ2 = r(12) n / r3 (12) - (an + 2qncos2Ĳ) r(12) n - Ȗdr(12) n/dĲ, for n = x, y, z. (9) 
Coulomb repulsion is given by the nonlinear term, which produces chaotic motion. Figure 2 shows the phase 
diagram for the coupled Mathieu-Coulomb equation (9), and shows that chaos occurs at certain values of qz and az. 
 
Fig. 2 az–qz phase diagram indicating different steady state regions for the coupled Mathieu-Coulomb equation (9) with Ȗ = 1.039. In the domain 
without symbols, orbits escape to infinity.  
Fig. 3 Numerical results showing (a) the bifurcation diagram of r when ș = 0, (b) the bifurcation diagram of z when ș = 0, and (c) the largest 
Lyapunov exponent Ȝmax for the coupled Mathieu-Coulomb equation (9) with az = -0.6 and Ȗ = 1.039.  
Figure 3(c) shows the largest Lyapunov exponent Ȝmax for the coupled Mathieu-Coulomb equation (9) with 1.36 < 
qz < 1.7, az = -0.6 and Ȗ’ = 1.039. Figures 3(a) and (b) show the corresponding bifurcation diagrams. These plots are 
the projected Poincaré section for ș = 0: isolated points for the same value of qz are stable fixed points or stable 
periodic orbits; continuous groups are quasi-periodic or chaotic orbits. These results indicate that chaos occurs when qz 
> 1.61. 
3.3. Three charged fine particles 
In this section, we consider an idealized electric field model of three charged fine particles in an AC trap. We can 
obtain the following equations of motion for three charged fine particles. 
The center of mass motion is described by the following dissipative Mathieu equation: 
d2Rn/dĲ2 = - (an + 2qncos2Ĳ)Rn - ȖdRn/dĲ, for n = x, y, z. (10) 
Displacement vector motion is described by the following coupled Mathieu-Coulomb equation: 
d2r(ij) n /dĲ2 = r(ij ) n / r3 (ij ) - ( r(jk ) n /r3jk + r(ki ) n /r3ki)/2  - (an + 2qncos2Ĳ) r(ij ) n  - Ȗdr(ij ) n/dĲ, 
for n = x, y, z, and i, j, k = 1, 2, 3.  (11) 
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Figure 4 shows the phase diagram for the coupled Mathieu-Coulomb equation (11), which shows that chaos occurs 
at certain values of qz and az. 
Fig. 4 az–qz phase diagram indicating different steady state regions for the coupled Mathieu-Coulomb equation with Ȗ = 1.039. In the domain 
without symbols, orbits escape to infinity.  
Figure 5 shows the stable forced oscillation, which oscillates with an angular frequency ȍ. Three charged fine 
particles maintain a triangular arrangement. 
Fig. 5 Plot of three charged fine particles in xy-plane for the coupled Mathieu-Coulomb equation with az =  -0.1, qz = 1.2 and Ȗ = 1.039.  
Such arrangements have neutral stability to rotation. The arrangements can become unstable, and an irregular 
reorganization of the particles occurs, depending on the control parameters in the coupled Mathieu-Coulomb equation 
(11).  
 
4. Conclusions 
In this paper, we have investigated the motion of a small number of charged fine particles confined in an AC trap. 
We have found a transition from ballistic to diffusive motion in the MSD of ș for a single charged fine particle 
described by a nonlinear dissipative Mathieu equation (6).  
We have obtained an az–qz phase diagram for two charged fine particles described by a coupled Mathieu-Coulomb 
equation (9). The only stable solutions to the dissipative Mathieu equation (9) of the center of mass of two charged 
fine particles are fixed points. Displacement vector motion is a forced oscillation with an angular frequency ȍ. 
Displacement vector motion becomes chaotic, depending on the control parameters in eq. (9).  
We have also obtained an az–qz phase diagram for three charged fine particles described by a coupled Mathieu-
Coulomb equation (11). The only stable solutions to the dissipative Mathieu equation (11) of the center of mass of two 
charged fine particles are fixed points. Stable solutions with a triangular configuration, and which oscillate with an 
angular frequency ȍ, exist for three particles. An irregular replacement of the particles in the triangular configuration 
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occurs, depending on the control parameters in eq. (11). However, the statistical properties of this irregular 
replacement are not clear. A study of such properties will be carried out in subsequent research.  
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